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Appendix A The MSE of GT for Fixed k

The squared error of the GT estimator follows

(
M̂GT

k −Mk

)2

=

(∑
u∈X

k + 1

n
1(Nu(X

n) = k + 1)− p(u)1(Nu(X
n) = k)

)
· (1)(∑

v∈X

k + 1

n
1(Nv(X

n) = k + 1)− p(v)1(Nv(X
n) = k)

)
=(

k + 1

n

)2 ∑
u,v∈X

1(Nu(X
n) = k + 1)1(Nv(X

n) = k + 1)−

2(k + 1)

n

∑
u,v∈X

p(u)1(Nu(X
n) = k)1(Nv(X

n) = k + 1)+

∑
u,v∈X

p(u)p(v)1(Nu(X
n) = k)1(Nv(X

n) = k).
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Therefore, the expected error satisfies

EXn∼p

(
M̂GT

k −Mk

)2

= (2)

1

n2

∑
u,v∈X

(k + 1)2Pn(k + 1, k + 1)− 2(k + 1)np(u)Pn(k, k + 1) + n2p(u)p(v)Pn(k, k).

where Pn(i, j) = EXn∼p (1(Nu(X
n) = i)1(Nv(X

n) = j)), and

Pn(i, j) =



(
n
i j

)
pi(u)pj(v)(1− p(u)− p(v))n−i−j u 6= v, i+ j ≤ n(

n
i

)
pi(u)(1− p(u))n−i u = v, i = j

0 o.w.

(3)

Define P (u, v) = pk+1(u)pk+1(v)(1− p(u)− p(v))n−2k−2. Plugging the above to (2) yields

EXn∼p

(
M̂GT

k −Mk

)2

=
1

n2

∑
u6=v

P (u, v)

(
(k + 1)2

(
n

k + 1 k + 1

)
− (4)

2n(k + 1)

(
n

k k + 1

)
(1− p(u)− p(v)) + n2

(
n

k k

)
(1− p(u)− p(v))2

)
+(

k + 1

n

)2(
n

k + 1

)∑
u

pk+1(u)(1− p(u))n−k−1 +

(
n

k

)∑
u

pk+2(u)(1− p(u))n−k

for 2k < n. Let us now focus on the first summation. Notice that
(

n
k k+1

)
=
(
n
k k

)
n−2k
k+1

and(
n

k+1 k+1

)
=
(
n
k k

) (n−2k)(n−2k−1)
(k+1)2

. Then, the first summation equals

1

n2

(
n

k k

)∑
u6=v

P (u, v)
(
2k(2k + 1)− n− 4nk(p(u) + p(v)) + n2(p(u) + p(v))2

)
. (5)
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Let us study the different terms in (5). First,

(
n

k k

)∑
u6=v

P (u, v)(p(u) + p(v))2 =

(
n

k k

)∑
u6=v

P (u, v)
(
p2(u) + 2p(v)p(v) + p2(v)

)
. (6)

Lemma 1 in [3] states that

∑
u6=v

pi(u)pj(v)(1− p(u)− p(v))n ≤ (i− 1)!(j − 1)!n!

(n+ i+ j − 2)!
(7)

Plugging (7) to (6) yields

(
n

k k

)∑
u6=v

P (u, v)(p(u) + p(v))2 = o

(
1

n

)
. (8)

Similarly, we have

1

n2

(
n

k k

)∑
u6=v

P (u, v)
(
2k(2k + 1)− 4nk(p(u) + p(v))

)
= o

(
1

n

)
(9)

Therefore, the first term in (4) equals

− 1

n

(
n

k k

)∑
u6=v

P (u, v) + o

(
1

n

)
(10)
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and

EXn∼p

(
M̂GT

k −Mk

)2

=− 1

n

(
n

k k

)∑
u6=v

P (u, v)+ (11)

(
k + 1

n

)2(
n

k + 1

)∑
u

pk+1(u)(1− p(u))n−k−1+(
n

k

)∑
u

pk+2(u)(1− p(u))n−k + o

(
1

n

)
.

We now rewrite (11) in a more compact manner. First, we have that

EXn∼p (Φk (Xn)) =EXn∼p

(∑
u

1(Nu(X
n) = k)

)
= (12)

EXn∼p

(∑
u=v

1(Nu(X
n) = k)1(Nv(X

n) = k)

)
=

∑
u=v

Pn(k, k) =

(
n

k

)∑
u

pk(u)(1− p(u))n−k.

We begin with the first term in (11),

1

n

(
n

k k

)∑
u6=v

P (u, v) =
1

n

((
n

k k

)/(
n

k + 1 k + 1

))∑
u6=v

Pn(k + 1, k + 1) = (13)

(k + 1)2

n(n− 2k)(n− 2k − 1)
EXn∼p

∑
u6=v

1(Nu(X
n) = k + 1)1(Nv(X

n) = k + 1) =

(k + 1)2

n(n− 2k)(n− 2k − 1)
EXn∼p

(∑
u

1(Nu(X
n) = k + 1)

)2

−
∑
u

1(Nu(X
n) = k + 1)

 =

(k + 1)2

n(n− 2k)(n− 2k − 1)
EXn∼p

(
Φ2
k+1(Xn)− Φk+1(Xn)

)
.
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Notice that

EXn∼p (Φk+1(Xn)) =

(
n

k + 1

)∑
u

pk+1(u)(1− p(u))n−k−1 ≤ (14)(
n

k + 1

)
k!(n− k − 1)!

(n− 1)!
=

n

k + 1
.

where the first equality is due to (12) and the inequality follows from Lemma 2 in [3],

∑
u∈X

p(u)i(1− p(u))n ≤ (i− 1)!n!

(n− 1 + i)!
. (15)

Plugging (14) to (13), we obtain

− 1

n

(
n

k k

)∑
u6=v

P (u, v) =
−(k + 1)2

n(n− 2k)(n− 2k − 1)
EXn∼p

(
Φ2
k+1(Xn)

)
+ o

(
1

n

)
. (16)

We now continue to the second term in (11). Here, we have that

(
k + 1

n

)2(
n

k + 1

)∑
u

pk+1(u)(1− p(u))n−k−1 =

(
k + 1

n

)2

EXn∼p (Φk+1(Xn)) (17)
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where the equality follows from (12). Finally, the third term in (11) satisfies

(
n

k

)∑
u

pk+2(u)(1− p(u))n−k =

(
n

k

)∑
u

pk+2(u)(1− p(u))n−k−2(1− p(u))2 = (18)(
n

k

)∑
u

pk+2(u)(1− p(u))n−k−2 − 2

(
n

k

)∑
u

pk+3(u)(1− p(u))n−k−2+(
n

k

)∑
u

pk+4(u)(1− p(u))n−k−2 =

(
n

k

)∑
u

pk+2(u)(1− p(u))n−k−2 + o

(
1

n

)
=

(k + 1)(k + 2)

(n− k)(n− k − 1)
EXn∼p (Φk+2(Xn)) + o

(
1

n

)
.

where the third equality follows from (15) and the final equality is due to (12). Putting

together (16), (17) and (18), we conclude that

EXn∼p

(
M̂GT

k −Mk

)2

=
−(k + 1)2

n(n− 2k)(n− 2k − 1)
EXn∼p

(
Φ2
k+1(Xn)

)
+ (19)(

k + 1

n

)2

EXn∼p (Φk+1(Xn)) +
(k + 1)(k + 2)

(n− k)(n− k − 1)
EXn∼p (Φk+2(Xn)) + o

(
1

n

)
≤

−(k + 1)2

n(n− 2k)(n− 2k − 1)
f 2
n,k+1(p) +

(
k + 1

n

)2

fn,k+1(p) +
(k + 1)(k + 2)

(n− k)(n− k − 1)
fn,k+2(p) + o

(
1

n

)

where fn,k(p) , EXn∼p (Φk(X
n)) =

(
n
k

)∑
u p

k(u)(1− p(u))n−k and the second inequality is

due to E(X2) ≥ E2(X). Let us now bound (19) for every possible probability distribution.

First, we apply Proposition 3 from the main text to fn,k(p) and obtain

fn,k(p) =

(
n

k

)∑
u

pk(u)(1− p(u))n−k ≤
(
n

k

)
max
q∈[0,1]

qk−1(1− q)n−k = (20)(
n

k

)(
k − 1

n− 1

)k−1(
1− k − 1

n− 1

)n−k
=

(
n− 1

k − 1

)
Bin

(
k;n,

k − 1

n− 1

)
.
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Therefore, the last term in (19) satisfies

(k + 1)(k + 2)

(n− k)(n− k − 1)
fn,k+2(p) ≤ (k + 2)(n− 1)

(n− k)(n− k − 1)
Bin

(
k + 2;n,

k + 1

n− 1

)
. (21)

Further, we study the first two terms of (19). Namely,

−(k + 1)2

n(n− 2k)(n− 2k − 1)
f 2
n,k+1(p) +

(
k + 1

n

)2

fn,k+1(p) (22)

We notice that (22) is quadratic (and concave) in fn,k+1(p). Therefore, its maximum is

obtained either on the local optimum, (n − 2k)(n − 2k − 1)/2n, or on the boundary of

fn,k+1(p). Therefore, we conclude that

• If k(n−2k)(n−2k−1)
2n(n−1)

≤ Bin
(
k + 1;n, k

n−1

)
then,

EXn∼p

(
M̂GT

k −Mk

)2

≤ (23)

(n− 2k)(n− 2k − 1)(k + 1)2

4n3
+

(k + 2)(n− 1)

(n− k)(n− k − 1)
Bin

(
k + 2;n,

k + 1

n− 1

)
+ o

(
1

n

)
.

• If k(n−2k)(n−2k−1)
2n(n−1)

> Bin
(
k + 1;n, k

n−1

)
then,

EXn∼p

(
M̂GT

k −Mk

)2

≤ −(k + 1)2(n− 1)2

k2n(n− 2k)(n− 2k − 1)
· Bin2

(
k + 1;n,

k

n− 1

)
+ (24)(

k + 1

n

)2(
n− 1

k

)
· Bin

(
k + 1;n,

k

n− 1

)
+

(k + 2)(n− 1)

(n− k)(n− k − 1)
Bin

(
k + 2;n,

k + 1

n− 1

)
+ o

(
1

n

)
.

It is well-known that a Binomial distribution Bin(k;n, q) converges to a Poisson distri-
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bution Pois(k;λ = nq) in cases where n grows and nq remains fixed. Specifically, Prokhorov

showed that |Bin(k;n, q) − Pois(k;nq)| ≤ cq for a fixed constant c, and k = 0, . . . , n [2].

We apply Prokhorov result to the above and replace the Binomial terms with a Poisson

distribution. Further we notice that as n grows, f ∗n,k+1 > fmaxn,k+1. Therefore, we have that

in this setup

R∗n(M̂GT
k ) ≤ −(k + 1)2(n− 1)2

k2n(n− 2k)(n− 2k − 1)

(
kn
n−1

)2k+2
exp

(
−2 kn

n−1

)
((k + 1)!)2 + (25)(

k + 1

n

)2(
n− 1

k

)
·
(
kn
n−1

)k+1
exp

(
− kn
n−1

)
(k + 1)!

+

(k + 2)(n− 1)

(n− k)(n− k − 1)

(
(k+1)n
n−1

)k+2

exp
(
− (k+1)n

n−1

)
(k + 2)!

+ o

(
1

n

)
.

Finally, we apply Sterling bounds,
√

2πkk+1/2 exp (−k) ≤ k! ≤ kk+1/2 exp (−k + 1) and

conclude with the following theorem. For a fixed k ≥ 1 and n >> k, the MSE of the GT

estimator satisfies

R∗n(M̂GT
k ) ≤ g(k)

n
+ o

(
1

n

)
(26)

where

g(k) =
e√
2π

(
−
√

2π

k + 1

(
k

k + 1

)2k

+
√
k + 1

(
k

k + 1

)k
+
√
k + 2

(
k + 1

k + 2

)k+2)
. (27)
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Appendix B The MSE of GT for Large k

As shown in the main text, for 2k < n we have

E
(
M̂GT

k −Mk

)2

= (28)

1

n2

(
n

k k

)∑
u6=v

P (u, v)
(
2k(2k + 1)− n− 4k(p(u) + p(v)) + n2(p(u) + p(v))2

)
+

(k + 1)2

n2

(
n

k + 1

)∑
u

pk+1(u)(1− p(u))n−k−1 +

(
n

k

)∑
u

pk+2(u)(1− p(u))n−k

where P (u, v) = pk+1(u)pk+1(v)(1 − p(u) − p(v))n−2k−2. Applying Propositions 1 and 2

from the main text we obtain

E
(
M̂GT

k −Mk

)2

≤ 1

n2

(
n

k k

)
max

q1,q2∈∆2

ρ(q1, q2) +
1

n2

(
n

k

)
max
q∈[0,1]

η(q) (29)

where

ρ(q1, q2) = qk1q
k
2(1− q1 − q2)n−2k−2

(
2k(2k + 1)− n− 4kn(q1 + q2) + n2(q1 + q2)2

)
(30)

η(q) = qk(1− q)n−k−1
(
(n− k)(k + 1) + n2q(1− q)

)
. (31)

We show that the first term in (30) depends on a single variable.

Proposition B.1.

max
q1,q2∈∆2

ρ(q1, q2) = max
q∈[0,1/2]

ρ1(q1) (32)

where ρ1(q1) = ρ(q1, q1).

9



Proof. We first notice that maxq1,q2∈∆2 ρ(q1, q2) ≥ 0 since ρ(0, 0) = 0. Next, we show that

for every pair q1, q2 ∈ ∆2 such that ρ(q1, q2) ≥ 0, we have ρ(q1, q2) ≤ ρ((q1 + q2)/2, (q1 +

q2)/2). Therefore, we would like to show that

qk1q
k
2(1− q1 − q2)n−2k−2

(
2k(2k + 1)− n− 4kn(q1 + q2) + n2(q1 + q2)2

)
≤ (33)(

q1 + q2

2

)2k

(1− q1 − q2)n−2k−2
(
2k(2k + 1)− n− 4kn(q1 + q2) + n2(q1 + q2)2

)
for every q1, q2 such that 2k(2k+ 1)− n− 4kn(q1 + q2) + n2(q1 + q2)2 is non-negative. This

inequality holds since qk1q
k
2 ≤

(
q1+q2

2

)2k
, as shown in the proof of Proposition C.1.

Plugging Proposition B.1 to (29) we obtain

E
(
M̂GT

k −Mk

)2

≤ 1

n2

(
n

k k

)
max

q1∈[0,1/2]
ρ1(q1) +

1

n2

(
n

k

)
max
q∈[0,1]

η(q) (34)

Let us characterize the maxima of ρ1(q1) and η(q). We begin with ρ1(q1). Notice we have

ρ1(q1) =q2k
1 (1− 2q1)n−2k−2

(
2k(2k + 1)− n− 8knq1 + 4n2q2

1

)
= (35)

q2k
1 (1− 2q1)n−2k−2

(
(2nq1 − 2k)2 + 2k − n

)
≤ q2k

1 (1− 2q1)n−2k−2(2nq1 − 2k)2

where the last inequality is due to 2k < n. Let us characterize the maxima of this upper

bound. We have

d

dq1

q2k
1 (1− 2q1)n−2k−2(2nq1 − 2k)2 = (36)

q2k−1
1 (1− 2q1)n−2k−3(2nq1 − 2k)

(
−n2q2

1 + (−2k + 2kn+ n)q1 − k2
)

= 0.
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Therefore, the candidates for a maximum are obtained from a quadratic form, and

q∗1 =
k(n− 1)

n2
+

1

2n
±
√

(n− 2k)(n− 2k + 4kn)

2n2
. (37)

For η(q) we have

max
q∈[0,1]

η(q) ≤ max
t1∈[0,1]

η1(t1) + max
t2∈[0,1]

η2(t2) (38)

where

η1(t1) = (n− k)(k + 1)tk1(1− t1)n−k−1 (39)

η2(t2) = n2tk+1
2 (1− t2)n−k.

Simple calculus shows that t∗1 = k
n−1

and t∗2 = k+1
n+1

. Notice that for sufficiently large n, the

two maximizers are approximately equivalent. Putting together (34), (37) and the above,

we obtain

E
(
M̂GT

k −Mk

)2

≤ 1

n2

(
n

k k

)
(q∗1)2k(1− 2q∗1)n−2k−2(2nq∗1 − 2k)2+ (40)

1

n2

(
n

k

)(
(n− k)(k + 1)(t∗1)k(1− t∗1)n−k−1 + n2(t∗2)k+1(1− t∗2)n−k

)

where q∗1, t∗1 and t∗2 are defined in (37) and (39) respectively. We now derive a more compact
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form of our proposed bound. Notice we have

1

n2

(
n

k k

)
(q∗1)2k(1− 2q∗1)n−2k−2(2nq∗1 − 2k)2 = (41)

1

n2

(
2k

k

)
(2nq∗1 − 2k)2

(
1

2

)2k

(1− 2q∗1)−2

(
n

2k

)
(2q∗1)2k(1− 2q∗1)n−2k =

1

n2

(
2k

k

)
(2nq∗1 − 2k)2

(
1

2

)2k

(1− 2q∗1)−2Bin(2k;n, 2q∗1).

Similarly,

1

n2

(
n

k

)(
(n− k)(k + 1)(t∗1)k(1− t∗1)n−k−1 + n2(t∗2)k+1(1− t∗2)n−k

)
= (42)

(n− k)(k + 1)

n2
(1− t∗1)−1Bin(k;n, t∗1) + t∗2 · Bin(k;n, t∗2)

where Bin(k;n, q) is a Binomial distribution with parameters n and q. Putting together

(40) (41) and (42) we obtain

E
(
M̂GT

k −Mk

)2

≤ 1

n2

(
2k

k

)
(2nq∗1 − 2k)2

(
1

2

)2k

(1− 2q∗1)−2Bin(2k;n, 2q∗1)+ (43)

(n− k)(k + 1)

n2
(1− t∗1)−1Bin(k;n, t∗1) + t∗2 · Bin(k;n, t∗2)

We now bound from above the Binomial terms, using Sterling bounds. Notice we have

log Bin(k;n, q) = log

(
n

k

)
+ k log(q) + (n− k) log(1− q) = (44)

log

(
n

rn

)
+ n (r log(q) + (1− r) log(1− q)) ,

12



where r = k/n. The binomial coefficient satisfies

log

(
n

rn

)
= log n!− log(rn)!− log(n− rn)! ≤ (45)

− log
√

2π +
1

12n
− 1

12rn+ 1
− 1

12(1− r)n+ 1
+(

n+
1

2

)
log(n)−

(
rn+

1

2

)
log(rn)−

(
n− rn+

1

2

)
log(n− rn) ≤

− 1

2
log (2πnr(1− r)) + nH(r)

where the first inequality follows from Robbin’s refined version of Sterling’s bound [4],

√
2π nn+ 1

2 e−ne
1

12n+1 < n! <
√

2π nn+ 1
2 e−ne

1
12n ,

the second inequality follows from

1

12n
− 1

12rn+ 1
− 1

12(1− r)n+ 1
≤ 1

12n
− 2

6n+ 1
< 0

for 0 ≤ r ≤ 1, and H(r) is the binary entropy of r,

H(r) = −r log(r)− (1− r) log(1− r).

Therefore,

log Bin(rn;n, q) ≤− 1

2
log (2πnr(1− r)) + nH(r) + n (r log(q) + (1− r) log(1− q)) =

− 1

2
log (2πnr(1− r))− nDKL(r||q)
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where DKL(r||q) is the Kullback-Leibler divergence,

DKL(r||q) = r log
r

q
+ (1− r) log

(1− r)
(1− q)

.

This means that

Bin(k;n, q) ≤ 1√
2πk(1− k/n)

exp

(
−nDKL

(
k

n

∣∣∣∣∣∣∣∣q)) . (46)

Finally, we apply Sterling’s bound
(

2k
k

)
≤ e√

2π
22k√
k

to (43), and plug (46), to obtain

R∗n(M̂GT
k ) ≤ 4(q∗1 − k/n)2

(2q∗1 − 1)2
√

8π3e−2k2(1− 2k/n)
exp (−nDKL(2k/n||2q∗1)) + (47)

(1− k/n)(k/n+ 1/n)

(1− t∗1)
√

2πk(1− k/n)
exp (−nDKL(k/n||t∗1)) +

t∗2√
2πk(1− k/n)

exp (−nDKL(k/n||t∗2)) .

Let us further derive the above. First, we have that exp (−nDKL(p||q)) ≤ exp (−n(p− q)2),

following [1]. This allows us to quantify the order of the exponential terms and show that

they are all O(1). We now apply q∗1,t∗1 and t∗2 to the different terms in (47), and conclude:

4(q∗1 − k/n)2

(2q∗1 − 1)2
√

8π3e−2k2(1− 2k/n)
exp (−nDKL(2k/n||2q∗1)) = O

(
1

n2

)
. (48)
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Proceeding to the second and third terms in (47),

(1− k/n)(k/n+ 1/n)

(1− t∗1)
√

2πk(1− k/n)
+

t∗2√
2πk(1− k/n)

= (49)

1√
2πk(1− k/n)

(
(1− k/n)(k/n+ 1/n)

(1− k
n−1

)
+
k + 1

n+ 1

)
≤

1√
2πk(1− k/n)

(
(1− k/n)(k/n+ 1/n)

(1− k
n−1

)
+
k

n
+

1

n

)
=

k/n+ 1/n√
2πk(1− k/n)

(
(1− k

n
)

(1− k
n−1

)
+ 1

)
≤

k/n+ 1/n√
2πk(1− k/n)

(
2 +

k/n

n− 1− k

)
=√

2

π

( √
k

n
√

1− k/n
+

1

n
√
k(1− k/n)

)
+O

(
k3/2

n3

)
=√

2

π

( √
k

n
√

1− k/n

)
+O

(
1√
kn

)
.

Putting together (47,48,49) we conclude that for 2k < n,

R∗n(M̂GT
k ) ≤

√
2

π

( √
k

n
√

1− k/n

)
+ o

(
1

n

)
. (50)

Notice that this bound is in fact O
(√

k
n

)
, as 1√

1−k/n
≤
√

2.
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Appendix C The MSE of the ML estimator

As shown in the main text, for 2k ≤ n, we have that

E
(
M̂ML

k −Mk

)2

= (51)(
n

k k

)∑
u6=v

(
p(u)− k

n

)(
p(v)− k

n

)
pk(u)pk(v)(1− p(u)− p(v))n−2k+

(
n

k

)∑
u

(
p(u)− k

n

)2

pk(u)(1− p(u))n−k.

Applying Propositions 1 and 2 from the main text to the above yields

E
(
M̂ML

k −Mk

)2

≤
(
n

k k

)
max

q1,q2∈∆2

ψ(q1, q2) +

(
n

k

)
max
q∈[0,1]

φ(q) (52)

where

ψ(q1, q2) =

(
q1 −

k

n

)(
q2 −

k

n

)
qk−1

1 qk−1
2 (1− q1 − q2)n−2k (53)

φ(q) =

(
q − k

n

)2

qk−1(1− q)n−k (54)

Let us first focus on the first term in (52).

Proposition C.1.

max
q1,q2∈∆2

ψ(q1, q2) = max
q1∈[0,1/2]

ψ2(q2) (55)

where ψ2(q2) = ψ(q2, q2)

Proof. We study ψ(q1, q2) for different possible pairs of q1, q2 ∈ ∆2.
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• For q1 ≤ k
n

and q2 ≥ k
n

(and vice versa):

We have that ψ(q1, q2) < 0, while ψ( q1+q2
2
, q1+q2

2
) ≥ 0. Therefore, ψ(q1, q2) ≤

ψ( q1+q2
2
, q1+q2

2
).

• For q1, q2 ≥ k
n
:

We would like to show that ψ(q1, q2) ≤ ψ( q1+q2
2
, q1+q2

2
). Plugging (53), we require that

(
q1 −

k

n

)(
q2 −

k

n

)
qk−1

1 qk−1
2 ≤

(
q1 + q2

2
− k

n

)2(
q1 + q2

2

)2k−2

Since both sides of the inequality are positive, this is equivalent to

log

(
q1 −

k

n

)
+ log

(
q2 −

k

n

)
+ (k − 1) (log(q1) + log(q2)) ≤ (56)

2 log

(
q1 + q2

2
− k

n

)
+ (2k − 2) log

(
q1 + q2

2

)
.

Due to the concavity of the log function, we have

1

2
log

(
q1 −

k

n

)
+

1

2
log

(
q2 −

k

n

)
≤ log

(
q1 + q2

2
− k

n

)
(57)

1

2
log(q1) +

1

2
log(q2) ≤ log

(
q1 + q2

2

)

which justifies (56).

• For q1, q2 ≤ k
n
:

Again, we would like to show that ψ(q1, q2) ≤ ψ( q1+q2
2
, q1+q2

2
). First, we show in (56)

that qk−1
1 qk−1

2 ≤
(
q1+q2

2

)2k−2
. Therefore, we still need to show that

(
q1 − k

n

) (
q2 − k

n

)
≤

17



(
q1+q2

2
− k

n

)2
. However, we have that

(
q1 + q2

2
− k

n

)2

−
(
q1 −

k

n

)(
q2 −

k

n

)
=

(
q1 − q2

2

)2

≥ 0 (58)

which concludes the proof.

Plugging Proposition C.1 to (52), we have that

E
(
M̂ML

k −Mk

)2

≤
(
n

k k

)
max

q2∈[0,1/2]
ψ2(q2) +

(
n

k

)
max
q∈[0,1]

φ(q). (59)

Let us now characterize the maxima of ψ2(q2) and φ(q). We begin with ψ2(q2). Taking

the derivative, we obtain

d

dq2

(
q2 −

k

n

)2

q2k−2
2 (1− 2q2)n−2k = (60)

q2k−3
2 (1− 2q2)n−2k−1

(
q2 −

k

n

)(
− 2nq2

2 +

(
4k − 4

k

n

)
q2 +

2k

n
(1− k)

)
= 0.

Therefore, the candidates for a maximum, for k > 1, are obtained from a quadratic function,

q∗2 =
k

n
− k

n2
±

√
k
(
1 + k

n2 − 2k
n

)
n

. (61)
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For φ(q) we have

d

dq

(
q − k

n

)2

qk−1(1− q)n−k = (62)

qk−2(1− q)n−k−1

(
q − k

n

)(
(−n− 1)q2 +

(
1 + 2k − k

n

)
q +

k

n
(1− k)

)
= 0.

Once again, the candidates for a maximum, for k > 1, are obtained from a quadratic

function, and

q∗ =
k

n

(
2n− 1

2n+ 2

)
+

1

2n+ 2
±

√(
1 + k

n

)2
+ 8k

(
1− k

n

)
2n+ 2

. (63)

We now derive a more compact form for our proposed bound. Notice we have

E
(
M̂ML

k −Mk

)2

≤ (64)(
n

k k

)(
q∗2 −

k

n

)2

(q∗2)2k−2(1− 2q∗2)n−2k +

(
n

k

)(
q∗ − k

n

)2

(q∗)k−1(1− q∗)n−k =(
2k

k

)(
q∗2 −

k

n

)2(
1

2

)2k (
1

q∗2

)2

Bin(2k;n, 2q∗2) +

(
q∗ − k

n

)2(
1

q∗

)
Bin(k;n, q∗).

where Bin(k;n, q) is a Binomial distribution with parameters n and q.

Finally, we apply (46) and conclude that

R∗n(M̂ML
k ) ≤

(
1− k/n

q∗2

)2

√
8π3e−2k2(1− 2k/n)

exp

(
−nDKL

(
2k

n

∣∣∣∣∣∣∣∣2q∗2))+ (65)(
q∗ − k

n

)2

q∗
√

2πk(1− k/n)
exp

(
−nDKL

(
k

n

∣∣∣∣∣∣∣∣q∗))
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